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The Effect of Couple-stresses --
on the Extension of an .Elastic Material 
Containing an Elastic Circular Cylindrical Insert 
by 
Ronald John Hartranft 
The essential equations of the two-dimensional couple-
stress theory in polar coordinates are reviewed, a·nd the 
solution to the problem of the stress distribution around 
ii 
.>-......... . -· 
an elastic insert is given. For the si:fecial case of the 
rigid insert, the stress concentration factors are found to 
be higher than predicted by the usual theory neglecting 
' 
couple-stresses. This contrasts with the problem of the 
stress concentration around a hole solved by Mindlin in 
which the results are lower than usual. Finally, a physical 
interpretation of the effects of couple-stresses is given to 
enable one to predict the effects without solving the equations. 
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Abstract 
The essential equations of the two-dimensional couple-
stress theory in polar coordinates are reviewed, and the 
. ., 
solutio~ to the problem of the stress distribution around 
an elastic insert is giyen. For the special case of the 
rigid insert, the stress concentration factors are found to 
be higher than predicted by the usual theory neglecting 
couple-stresses. This contrasts with the problem of the 
- stress, con.cent ration around a hole solved by ·Mindlin in 
. \ 
~ 
which the results are lower than usual. Finally, a physical 
interpretation of the effects of couple-stresses is given to 
enable one to predict the effects without solving the 
equations. 
:..: 
-·l-1, 
• 
, .................. _. __ .._.... ...... ~--- .. -~.- -,-,. •. ·· .• ..,,r;-.,'9 ,~ ............. - ........ .. 
(', 
Introduction 
In the usual theory of stress in a continuous solid 
body, a plane infinitesimal area in the body is considered. 
The forces exerted by the material to one side of the area 
on the material to the ot~er side are assumed to be equiv-
alent to a single force at any given point in the area. 
The stress at any point is then defined by 
_ lim 6F Stress - M .... O Ll.A 
where b- F is the f_orce acting at the point enclosed by the 
II, 
a~ea, ~A. If the variation of the forces across the area is 
small, then this assumption will not lead to large discrep-
ancies between theoretical and experimental results. However, 
if the variation i~ large, we must resort to the more general 
case in which the above force system is reduced to a force and 
a couple at some point in the area. Stress is defined as 
before, and a new quantity, called the couple-stress, is 
defined by 
_ lim bM Couple-stress - ~A-.O tlA 
where~M is the couple acting at the point enclosed by the 
area, 6A. 
Alternatively in elasticity, if the variation of strain 
from point to point is large, the usual theory of elasticity 
m~y need to be supplimented. Thus it is seen that the 
magnitude of the effects of the couple-stresses may depend 
··-
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strongly on the strain gradients. · Indeed, the equations of 
the theory show ihat the couple-stresses are linear combi-
nations of the strain gradients. 
Th~re is a new kind of strain caused by the couple-
stresseso The usual theory contemplates"normal and shear 
strains, but there may be, in addition, bending such as in 
Figo 2. The bending in Pigo 2a may be specified by giving 
b the curvature, H9 , of the lines r = constant which originally 
had the curvature, 1/ro Similarly, the bending of the lines 
9 = constant in Figo 2b may be specified by giving their 
curvature, ~r· . In both of these cases a strain gradient is 
present, and we see that the greater the strain gradient, 
the greater the change in curvature of the lines. Thus in 
those problems in which the change of curvature of lines is 
large, couple-stresses may be supposed to be an important 
factor in the analysiso 
Having completed a discussion of the intuitive basis 
for considering couple-stresses, we will now give a brief 
. 
account of the development of the mathematic~! theoryo The 
/ ' 
' basic equations of the couple~stress theory were derived by 
the Cosserats [1]* in 1909. The theory was neglected until 
1960, when Truesdell and Toupin [2] included the couple-
stresses in their modern derivation of the field equations 
of the mechanics of continua. Aero and Kuvshinskii {3] 
developed t_he theory in a linear· form, giving constitutive 
equations of an elastic ma teria,1. Toupin [4 J then derived 
independently the constitutive equ~tions for finite defor-~ 
ii 
mations of a perfectly elastic body. Mindlin and Tiersten 
* Numbers in brackets ref er t.a:~ .. the references on page 45. 
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[s), in their account of the linear theory, showed that 
Toupin's equations reduce to those of Aero and Kuvshinskii. 
in the case of small deformations. They then proc~eded to 
solve several problems illustrating the effects of couple-
stresses. More recently, Mindlin ~] gave a derivation of 
the two-dimensional couple-stress equations paralleling· 
that of the two-dimensional equations without coup1e-stresses. 
·He introduced two stress functions and used them to solve 
in detail the problem of the stress concentration at a 
cylindrical hole in an infinite medium. As a sidelight to 
this development, it is interesting that in his chapter on 
stress, Love ~] makes explicit the assumption that the 
couple per unit area vanishes and makes no attempt to 
justify ito 
The next step in determining the worth of the couple-
stress theory should be the devising of an experiment in 
which the effect of the couple-stress can be observed. The 
type of experiment in which strains are measured will not 
work well? for present strain measuring devices are capable 
of measuring average strain in a region only. Obviously, 
when there are strain gradients present 1 we won't get the 
true results, especially in stress concentration problems 
where the stress drops off rapidly away from the point of 
stress concentrationo Therefore, until better methods of 
strain measurement are found, the best type of experiment 
will probably involve elastic vibrationso Mindlin and 
Tiersten [5] have s,olved some problems of this type and 
-4-
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pointed out that the frequency of vibration differs from 
that predicted by the usual theory by an amount which 
increases as the order" of tpe mode is increased. 
In appendix I of this paper are listed the two-
dimensional couple-stress theory equations in polar 
coordinates. The other appendices are concerned with 
.... --- . 
the solution of the differential equations of the theory 
for appropriate stress functions. The main body gives the 
solution to the problem of the extension of an infinite 
elastic material containing an elastic right circular 
cylindrical insert perfectly bonded to it. After finding 
stress functions which satisfy the boundary conditions at 
infinity, we have six boundary conditions at the interface 
of the two materials which determine the eight constants 
remaining in the stress functions. Thus the complete 
solution is available. The expressions for the radial and 
transverse stresses at the interface are found for the 
three types of loading at infinity: simple tension, biaxial 
tension, and pure shear. This solution is then reduced to 
the simpler case of a rigid insert. The stress concentration 
factors are then plotted as functions of the radius of the 
insert for various values of Poisson's ratio. 
-5-
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Stat~ment of the Problem 
------ -
The problem is to find the stress distribution in an 
infinite elastic materia~ containing a circular cylindrical-
elastic insert, which is subjected to a uniform stress in a 
direction perpendicular to the axis of the cylinder. The 
theory used is a two-dimensional one in polar coordinates 
based on the couple-stress theory of the Cosserats ~]. 
, 
The basic equations are given in appendix I. 
The mathematical problem is to find the solution to a 
set of two simultaneous linear partial differential equations 
subject to certain boundary conditionso Let s1 be the region 
0 ~ r ~ a and s2 the region a ~ r ~ oo where a is the radius 
of the insert. See Fig. 3. Let all quantities in the region 
s 1 be designated by the subscript 1 and those in s 2 by the 
subscript 2. ,, 
.j 
The partial differential equations to be solved are 
(62), (63), and (64) for each materialo That is, we must 
find functions ~1, ~1 , ~ 2, and ~2 sat~sfying the equations 
* 02-2 * ;2-2 uJ • = 'I/. _ A' • v , ,1. , cp. = 2 ( 1 _ v. ) . v-'m. T1 1 1 11 1 1 1 ~1 
o'f~ 1 
-
-or 
* 1 oQ)i 
- -
r d9 ' 
* l O{lli = 
r o9 
* o~i 
or (1) 
' 
i = 1,2. 
In addition 1 the functions must be such that the stresses 
given by equations (61), the strains given by (56) and (57), 
and the displacements given by (58) satisfy the cond1tions: 
-6-
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(1) There is a uniform tension, p, at infinity in the 
direction of the x-axis. That is, at r = oo, 
(c:rr) 2 = !<1 - cos29) 
C1:'re> 2 = - £.sin28 2 
(2) 
,. 
(2) At the interface, the normal and shearing stresses 
and the couple-stress, Pr' must be the same in both materials. 
That is, at r = a, 
(crr)l = (crr)2, (TrQ)l = ('Lr8)2, (pr)l = (pr)2 .(J) 
(3) The displacements of both materials must be the 
same at the interface. That is, at r = a, 
,;:. ·4,.,. 
. '· /. 
:.t 
. ,. 
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Solution of Equations 
General solutions to the equations (1) are given in 
appendix II. Since this problem has the symmetry and 
, I 
loading considered in appendix III," we may take the stress 
functions (76) and (79) derived there. Therefore, appro-
priate stress functions are 
~ 1 = A1 r
2 
+ (B1 + c1 r 2)r2cos20 
lf'1 = [ £\1"2 +.,. E1 I 2(p1 )] sin20 
<{)2 = £ r 2 (1 - cos20) + A2log r + ( :~ + c2)cos20 (5) 
~2 = [:~ + E2K2 (p2 )Jsin20 
where n1 = 24(1 - V1 >..ffc1 , n2 = 8(1 - V2 )J~c2 , Pi = r/J1 • 
In these equations, 12 and K2 are modified Bessel functions, 
of second order, of the first and second kinds, respectively. 
From equations (61), we find that the stresses are 
:~ f 1 I1 <r1) - 3I2<r1 )] I co~2Q (<Tr) 1 - 2A1 2 fB1 + D1 + - -
6Ci r 2 + ~ (p1 11 (p1 ) - 3I2(p1 ~] cos28 
r , 
(erg) 1 = 2A1 + 2 f 01 + D1 + 
. 
crr9)1 - 2B1 + 2D1 + 6C1 r2 ~[f>1I1<p1) - - -
.CTer)l = f2Bl + 2D1 + 6C1 r 2 - ~[P1 11 (pl) -
<pr>1 = r 2D1 + ;![P1I1<P1> - 2I2<r1~ sin20 
E1 
_(p9 ) 1 = 2r o1 + ;,; I 2(p1 ) cos29 
for the insert, ~1 ,· and 
' 
-8-
6I2 (p1 >] sin20 
(6) 
(6 + pf>12(p1 ~ sin20 
1 
I 
i 
I 
' : . 
' 
I 
' 
l 
. ! 
, .. :, 
J 
,~,;,_ - IT -:r JTfZ i.. . 
cos28 
4 ' 
r + 3B2 - 3D2 
P . A2 2 
= - - + -2 · 2··· 4 
r r 
p 
- -4 
- E2r2 ~2K1~P2) + cos28 
1 P 4 2 (t ) = - ~ - r + 6~ 2 - 602 + 2C2t r0 2 r 2 
- E2r
2 
~ 2K1 (p2) + 6K2 (p 2 >] sin20 
er ) - l £ r 4 er 2 - - -;2J:" 2 + 6B2 - 6D2 + 2C2r2 (7) 
- E2r2[r2K1<P2> + ( 6 + p~)K2<P2~ sin28 
E2r2[P2K1<r2> + 2K2<P2~ sin20 
·for the infinite material, s2• 
., Substitution of these stresses into equations (56), 
(57), and (58) gives the displacements. Neglecting rigid 
body ~otions, they are 
} 
2G1 {v0 ) 1 = r 2B1 + 2D1 + 2c1 r 2{3 - 2V1 ) (8) 
+ ~[f>1I1<P1> - 2I2<r1>] sin28 
for the insert, s1 , and 
( ) pr( 2G2 ur 2 = 2 1 
for the infinite 
t 
.· A ., p 4 
- 2 V. ) - ~ + ~ -4 r + B2 - D2 2 r r3 
+ 2C2r 2{1 - V2) - E2r 2K2Cp2> 
- ; r 4 + 2B2 - 2D2 - 2C2r
2{1 - 2Y2) 
- E2r
2 [p2K1 Cp~) + 2 K2 Cp~~ 
material~ s2 • 
7 
-9-
cos28 
(9) 
sin29 
" 
cos29 
J 
Wi_th equations (6), .,(7), (8), and (9), the boundary 
conditions of equations (3) an~ (4) b~come 
p A2 
2A1 = - + 2 a2 
1 [pa 
2G [2(l -
2 
1 
G a 3 2 
p 4 
- - a + B - D -4 · 2 2 
where Y. = a£'J.. ' 1 1 i = 1,2. 
-10-
. . . "" ._ -· : 
(10) 
{13) 
+ 1 
{14) 
(15) 
-
-(16) 
+ 1 -
(17) 
.; 
' i 
·,·· .. : 
.. 
+ 3 
' 
\. 
............ ......... ,.,/ 
These eight equations together with the relations, 
o1 = 24(1 - V1 )Jic1 and D2 = 8(1 - Y2)J~c2 , 
allow us to solve for the ten unknowns, A1 , A2 , ..• , E1 , E2 . 
After some lengthy calculations including the evaluation 
of a five-by-five determinant, the following results are 
obtained: 
p 1 - \)2 
A = - ---------1 2 1 + < 1 - 2 v1 ) g 
pa2 
A2 = -
2(1 - V2) 
1 --------1 + (1 - 2Y1 )g 2 ' 
4 pa 
B2 = - (1 - g) 4~ 
• 
,, 
p 
- g)F2(2 - Ql) C1 - 2<1 Wa 
c2 
pa2 
- g)N - 2A (l -
4 pa 
D2 = 2~ (1 - g)NM2 
pa2 (1 - g)F2 4g(l - Y1) E1 = - 1 + 
. 2~ . 12( il) 1 - g 
-11-
(19) , 
(20) 
(23) 
(24) 
':t·', 
(25) 
(26) 
. .D 
(27) 
", • .. 
__..._...... . ··;,,:;;.- > .,. 
: ~ [ 
/,',/ 11 
: ' 
',;· I 
·::JI 
. ' 
i, 
/.: 
' 
·, 
where the following contractions have been made: 
yl 11<Y1> 
Ql = 2 12(}\)' 
M. = 1 
8(1 - V1) 
. ? Y1 ' 
1 - g (29) 
- ~ 3 - 4 Y2 - F 2) + g ( 1 + F 2 >] N 
gL2(1 + Q2~ + (2 - Ql) 
- [1 + gL 2 (1 + Q2~(1 + 3P1 
12 K1 <Y2) 
. t 
2 K2 ( Y2 ) 
(31) 
i = 1, 2. 
With the constants given by equations (19) - (31), the 
stresses and displacements throughout both materials are 
completely determined • 
.. 
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Stresses at the Interface 
Let the radial and tangential stresses in the material 
surrounding the insert at the interface be denoted by Rand 
~ ~ respectively. The stresses due to a simple tension at 
infinity are given directly bf equations (7). Therefore, 
for simple tension, Pig. 3a, we have 
R 1 
- V2 2cos2Q 1 
-
- - (1 Y2) N + 3g - -p 1 + (1 2Y1 )g ~ 1 --
(32) 
T '>-'2 + (1 
- -
--p 1 + (1 
- 2V1 )g 
-
- 2 v1 )g 
2cos20 
Cl 
(33) 
(Y2 - g)N - 3g(l - Y1 )P2 (2 - Q1 ) 
We use 
tension and 
superposition to 
pure shear. For 
find the solutions for biaxial 
biaxial tension, Fig. 3b, we 
have 
( p + q ) ( 1 - Y2 ) R = ----------
1 + ( 1 - 2 ))1) g 
( )( ,, )2cos29 
- p - q 1 - v2 · ./::J. 3gl - Y1F (2 N + 2 - Ql) 
1 - V2 
V2 + (1 - 2V1 )g T = ( p + q )-----------
1 + (1 - 2V1 )g 
To obtain the solution for a pure shear 
Fig. 3c, let q - P, and rotate the axes by - -~ 
R 4sin29 1 - Y1 
-- = - (1 
- \)2> A N + 3g . . . F (2 
- Ql) s 1 - ))2 2 
T 4sin29 ,,~ 
- - ()) - g)N - 3g(l - ))1 )F2 (2 - Q1) - -s ~ 2 
-13-
(35) 
at infinity, 
45°. This gives 
(36) 
(37) 
··, .. 
. 
, 
.--.> 
,·· . 
Special Cases 
In this section, we will show that the present solution 
reduces to Goodier's solution for the elastic insert with- .~· 
to 
[ 6 ]. 
out couple-stresses taken into considerat.ion [7] and 
Mindlin's solution for the hole with couple-stresses 
addition, the previously unsolved problem of a rigid 
with couple-stresses will be solved as a special case of 
In 
insert 
the elastic insert. 
If couple-stresses are neglected, we may take 11 = 
= j = O or Y1 = Y2 = 't = oo . Note that as Y, ... oo , 
). ' 
2 
L 1, o, Q· 1 • 1,2 - M· - p. - 0, ..1. - - 1 -- - - ~ -1 1 t 2 ' 
N 1 + gf1 4g(l - V1) 1 + (38) - - --y 2 1 - g 
-i~ 1 + g(3 4g(l - ))1) 
- - 4Y2 + g) 1 + y - -2 1 
-
g 
Now, if we divide numerator and denominator of the expres-
sions for the constants, equ,ations (19) - (31), by~ and 
let '(-+co, the constants 
p 
A = -1 2 
-c -1 -
1 - Y2 
1 + (1 
- 2r'l)g 
p(l - ~2) 
3 - 4 y2 + g 
reqqce to 
A :. -
' 2 
pa 
B2 -- 4 
C2 = -
pa2 
1 -
2(1 - Y2) 
2 1 + (1 
-
2V1 )g 
4 1 g 
- (39) ·, 
3 
-
4~ + g 2 
pa2 
~ 
1 - g 
2 3 - 4Y + g. 2 
These constants are the same as in Goodier's solution. 
!' 
-14-
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When the insert, s1 , 
• a hole, we have G1 = 0 or 1S· 
In this case, the stants • by equations g = CD • g1ven 
(19) 
-
(31) reduce to 
pa2 pa4 1 + Q2 - P2 
A2 - B2 -- - - -2 4 1 + Q2 + p2 (40) 
pa2 1 + Q2 pa2 4(l - V2 >)~(1 + Q2) c2 - D2 -- 2 1 + Q2 + F2 
paJ2P2 /L ' 
E2 
,. 
A1 - -
. (1 + Q2 + F2)K1 ( t2) 
In order to put this . . Mindlin's 1n 
8(1 
- ¥2) 
F -
4 + ¥~ + 2 y ~Q.' V~) 2 K ( y) 
1 2 
1 Then 1 + Q2 - y(~p ' 
and 
A2 --
c2 --
1 
-
8 (1 
- Y2) 
the constants reduce to 
pa2 
-
2 
pa2 1 
2 1 + F 
E 
2 
B2 
D2 
pa..f'2 F 
= - . ---.-
Kl (),.2 ) 1 + F 
-
1 + Q + F 2 2 
Bl C1 Dl El 0 - - - - -- - - -
form, let 
(41) 
.1 
F2 - (42) - Y~F 1 
-
8(1 \) ) 
- 2 
i 
pa4 1 
-
p 
- -
4 1 + p 
2 4{1 - Y2>)~ (43) - pa . 
-
1 + F 
This is exactly the solution found by Mindlin. The 
stresses at the hole for the various loadings are 
-15-
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• 
G = 1 
(31) 
A2 --
::c -
-
·2 
E2 --
)(1) Simple tension 
T 
- = 1 -p 
(2) Biaxial tension 
2_f-0,~?9 
1 + F 
)2cos2~ T = (p + q) - (p - q 1 + p 
(3) Pure shear 
T 4sin29 
.... - - --...-. .... 
- • I ~, • 
s 1 + F 
. (44) 
\ 
(45) 
(46) 
i(J 
When the material of the insert is perfectly rigid, 
CX) or g = 
reduce to 
2 
pa (1 
-2, 
pa 2 
-
2 3 
pa~ 
Kl ( Y2) 3 
o. Now the constants of equations (19) -
2v2 ) 
1 
- 4~ 
F2 
- 4 ))2 
- F2 
- F2 
·D 2 (47) 
For this case, the stresses at the hole become the 
relatively simple expressions: 
(1) Simple tension 
R 
- -p 
2cos29 T 
- -p 
2cos29 
\)2 1 + , (48) 
3 - 4 ~ - F2 3 - 4V - F 2 
(2) Biaxial tension 
2cos29 
+ q) + (p - q)--..----
3 - 4 ~ - F2 
(49) 
2cos29 
T.= ~2 (p + q) + (p - q)3 
- 4 ))2 - F2 
-16-
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(3) Pure shear 
R (1 - \)2) 4sin29 T 4sin29 - - = \) (50) - - t 4 3 - 4Y2 s 3 - 4 v - F2 s - F 2 2 
" 
where P can be rearranged for computational purposes as 
2 
(51) 
-~ 
. ..:':'.. •. 
:·::. 
,.· 
• I 
.,a-. 
,I, ~, 
-17-
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Discussion 
Numerical calculation shows that at the points of the 
interface lying on a diameter parallel to the uniform stress 
at infinity, the radial and tangential stresses are higher 
than those found front the usual theory of elasticity. 
However, at those points lying on a diameter perpendicular 
to the uniform stress, the calculations show that Mindlin's 
observation of lower than usual stresses [6] may be extended 
to the case of the rigid insert. Presumably, the stresses 
for an elastic insert will be between those of the hole and 
of the rigid insert. We have then that, at points n and m 
of Fig. 3a, the stresses are higher and lower, respectively, 
than those predicted by the usual theory. 
·In addition, the stresses at point o of Fig. Jc are 
.... higher than predicted by the usual theory, while those 
0 
. points 90 away from o are lower. In fact, comparison of 
Figs. 4 and 9 shows that the difference between the present 
. .. 
and the classical results is greater for the case of pure 
shear than for simple tension., For example, when a/)2 _ = 3, 
the increase in stress copcentration factor for simple 
tension ranges from 10 to 50%, while that for pure shear 
ranges ·from 40 to 75%,depending on the valµe of Poisson's 
ratio. Figs. 4 through 11 all show tne effects that were 
mentioned above, and in addition, they show that the stress 
' 
concentrations no longer are independent of the size of the 
insert. · , In fact, the smaller the ins~rt, the higher the stress. 
•-
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- It would be desirable to be able to tell beforehand 
,, 
whether the effect of the couple-stresses will be to increase 
or to decrease the stresses in a given problem •. To this end, 
we have that at the interface, r = a, for a hole, 
dpg pP 
--- = - cos29 dr 1 + F 
(52) 
and for a rigid insert, 
ope 2pF2 
cos29 - _, -or 3 - 4V - Pz 2 
(53) 
dpr 2paF2 
cos28 - --
<)Q 3 - 4))2 - F2 
(54) 
From (52) and (53), we see that at the points where the 
tangential stress 
lower than usual, 
is high.er 
Ope> o 
or . 
than usual, ~;8 ( O, and where 
And from (54), ~µr >O corre-
o 9 
sponds to lower radial stresses and µr <Oto higher ones. 
~9 
A closer look at. (44) and (48) revea·11s that the stresses go 
from higher to lower than usual at 0 = 45°, which is also 
where the derivatives of the couple-stresses change from 
negative to positive. We will see that this relationship 
between the effects of the couple-stresses and their 
----
derivatives is not accidental. 
Notice that in this problem, the direction of the couple-
stress is always such that it tends to ca·use the same defor-
mation that we expect intuitively. For example, Fig. 12 
shows the expected deformation of a thin radial strip of 
material for both a hole and a rigid insert. Note that the 
couple-stresses act in the direction required to cause this 
-19-
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deformation. This will be true in general because of the 
direct relationship between couple-stress and curvature, 
equations (57). From this information and the fact that 
the couple-stresses vanish at large distances from the 
insert, we can find the sign of the derivatives of pg with-
·out solving the problem. ··consider the strip at Q = 0 for the 
case of the rigid insert; Pig. 12a. Since there is no 
change in the curvature ~eat the insert, Pe= 0 there. 
Since Pe= Oat infinity and must be negative in between 
to cause the indicated deformation, we see that the deriv-
ative of u9 must be negative at the insert. Thus if Ofg <O r or 
does correspond to higher than usual stresses, we expect 
them here. Similar results are obtained for the other points, 
and the analysis for radial stresses is similar. We now 
proceed to give a physical interpretation of the effects of 
couple-stresses. 
Consider first Fig. 12b. The deformation of the 
material to the right of the hole is drawn as we expect it 
to be. Without couple-stresses, a compressive tangential 
stress is required at the hole to cause this deformation. 
When couple-stresses are taken account of, they act in the 
direction showno That is, they act in a direction so as to 
help produce the deformation. Therefore, we don't need as 
high a compressive stress to produce the deformation. Thus, 
\.. __ 
we expect the stress to be algebraitally higher in this case. 
Analyzing the point at the bottom of the hole, we see that 
since the couple-stress is aiding the deformation, the 
-20-
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,;, 
tangential stress required this time is lower with couple-
stresses than without themo 
We need a slightly different viewpoint for interpreting 
Fig. 12ao However, it is the same vieWt)oint used in inter-
preting the results of the usual theory. Consider first the 
case where couple-stresses are neglected. The material to 
the right of the insert will deform as shown due to Poisson's 
effecto The cause of the tensile tangential stress ~t the 
interface is the fact that the material at some distance to 
the right is trying to pull the material at the insert into 
line with itselfo Thus, in order fot the.material at the 
insert to be in equilibrium, it must be in tension. Now, 
.I 
,. 
'i 
: 
. , 
.I 
I 
when couple-stresses are introduced, they add to the I 
deformation and thus exert more of a pull on the material 
at the inserto Therefore, the material at the insert must 
be subjected to a higher tensile stress to stay in equilib-
rium. Similarly, at the bottom of the rigid insert, the 
material is in compression without couple-stresses. The 
effect of including couple-stresses is to augment the cause 
~ 
of the compressive stresso Therefore, the material at the 
' 
insert will be under an algebraically lower stresso A 
similar analysis works for the radial stresses. 
' 
The above viewpoint was desirable because of the 
particular problem we were considering. The two viewpoints 
used are equivalent, but for the general case which follows, 
the first is more conveniento Precisely stated, this view 
is that when the couple-stresses act so as to aid the stresses, 
-21-
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then the stresses will be lower in magnitude than the usual 
theory says; and if the couple-stresses ac·t against the 
stresses, they will be increased in magnitude. 
In this part of the discussion, we will tie the 
previous ideas together, showing in general the relation 
between the derivatives of the couple-stresses and thei"k-
effectso Consider Fig. 13, which shows the four possible 
combinations of the signs of the couple-stress and its 
derivative. In the undeformed state, the curved lines \ '· •t 
were para\lel to the direction of the s-axis. The hatched 
lines are the deformed lines we get by neglecting couple-
stresses. f is the couple-stress responsible for the change 
in curvature of lines perpendicular to the s-axiso Consider ,. 
Pigs. 13a and 13b, which show the two cases for which :; > O. 
We see that the action of the couple-stresses aids any tensile 
stresses or acts against any compressive stresseso In either 
case, we get an algebraic decrease in whatever stress is 
presento 
Pigs. 13c and 13d show the two cases for which~~ <O. 
In both figures, the co~ple-stresses oppose tensile stresses 
or aid compressive stresses, resulting in an algebraic 
increase in whichever type of stress is present. 
It should be noted that in the case considered here, 
there is no shear present. The interpretation of the 
results will be more difficult with shear and the test 
for the effect of the coµple-stresses will probably have 
to contain another term. Perhaps the test actually depends 
-22-
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on the second derivatives of the strain, for in the absence 
of ,shear, the derivative of the couple-stress in rectangular 
coordinates is proportional to the second derivatiie of the 
t normal straino For instance ( [6] s eq. 14) 
o c)2e ~ = 4B Y 
ox ox2 
if Y'xy = O. 
Summary 
It is shown that the importance of the effect of the 
couple-stresses depends on the magnitude of the strain 
... 
gradients or, equivalently, on the amount of change of 
curvature Df lines on the material. 
The solution of problems shows that in.some cas~s, 
stresses are increased and in some cases, decreased. It 
is shown here that- in the absence of shear, the sign of . 
the derivative of the cotiple~stre~s in a c~rtain direction 
determines whether we get an increase or a decrease. 
Relying on physical reasoning as it does, the proof cannot· 
be extended easily to more general problems. The general 
principle wil~_j_9erefore be derived mathematically . 
.... ,.~ 
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AJ?pendix .! 
The Equations o.f the Two-dimensional Couple-stress Th_eory 
) in Polar Coordinates 
The basic element of a continuum together with the 
stresses and couple-stresses which act on it is shown in 
Fig. 1. We get equilibrium equations • the usual 1n way. 
oo-r 1 o'l'gr 
. °r 0-9 -
+ - + - 0 
or r aQ r 
d'rre 1 d~ 'rre - r er 
+ 0 (55) + - -dr r oQ r 
\ 
dpr & 1 0µ9 
+ 1:-e - 'rer + + - - 0 -or r r oQ 
~ ........ < 
In the case of plane strain, the stress-strain equations 
.. 
are, as usual, 
Er = 1 + V [err - Y(crr + erg>] 
E 
Ee = 1 + v[o--e - YCo--r + 6"9>] 
E 
~9 = l ; y crr9 + 'Z"@r> 
(56) 
In addition, we have the relationship between the couple-
stresses and the curvatures of the coordinate lines: 
" 
1<a - 1 1 - 4B f-19 - -r 
1(r 1 - 4B Pt 
where'B is a material constant which may be called the 
bending-twisting modulus.~ 
-24- · 
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where 
The strain-displacement equations are 
€ = ?.>ur E = 2: Ov9 + ~ 
r or ' e r oQ r ' 
·. 
,A _ Ov9 _ Ve 
1r9 - or r 
' 
1 our· 
+ ---
roe 
~ = ®z 
dr 
1 ov9 ve 1 
W=- + --~ 
z 2 ar r 
is the local rotation. 
(58) 
By eliminating the displacements from equ~tions (58), 
the compatibility equations for strain are found. 
o2Ee 1 d2E 2 0~9 1 oEr 1 ~2 Y1re 1 oYre + r + + - -- - - - --
r2 ~r2 2 ae2 ar ar r 3r oe oe r r r 
1 o1<r 0 \ 1 1 \ 1 - . - - - + - - --r oe or r r r 
~" -._~ (59) otre \ArQ 1 1 e,Er ~ - - + - -- 2 or r r ae 
1 0€8 ?<--=--
e r or + r 2r o0 
The last two equations above show the connection between 
"[ 
the curvatures, and hence the couple-stresses, and the 
strain gradients. Only three of the four compatibility 
equations are independent, for substituting the last two 
into the second results in the first. 
By substituting the stress-strain equations (56) and 
(57) into the compatibility equations for strain (59), 
we get the compatibility equations in terms of the stresses. 
They are the following: 
-·25-
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2 ?>cr9 
+ -
r or 
. .!. oµr - op9 
-
r 08 or 
1 C, 1 
·-
= - ... + 
r ~9 r 
r 
= o2 ! + 0 er + 'Ce ) - 2J2 a (er - \)(a- + tr,9)1 
Pr ~ r br re r r ~e r r ] 
2R20 [a-e - Y(o- + ere>] + 2f f_ 'cJ Pe= <ere - er ) - (T or r r r 08 rQ r 
where 
j2 = 2B(l .i" + V) 
- B 
- -
E G ! 
(60) 
+ t'9r) 
It is seen that the material constant, J, defined above 
has the dimensions of length. 
Mindlin [6] has shown that there are two stress functions, 
(/X.r,0) and (f(r,0), such that the equilibrium equations will 
be satisfied if 
1 0(/) 1 a2ep - ! 02 'f 1 d (V 
err - - + + -
r 2 oe2 r 2 08 r or r or d8 
CS-9 
_ o2cp 1 o 2 IJI 1 olJI 
- + - -
or2 r or o9 r 2 ae 
_ 1 o2q; 1 o({) 1 ~ 1 o2 iy 
~e - - -; Or de + ~ oe - ; Or - ? <)e2 
.... -,.·----,. (61) 
"t_ __ .!. ~ + 1 O({) + 02~ 
er - r or 08 ~ o9 ar2 
-~ Pr - ~Or ' . -!~ re - r 08 
-- .~ 
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The c.ompatibili ty equations (60) will be satisfied 
if the functions 
and qi* = 2 ( 1 -' y,),f 2v2cp 
are conjugate harmonic functions. 
satisfy the equations 
v 2cp* = v2'1 = o 
of//' 1 o({? 
That • 1s, 
-------
- - - --
r 08 <lr or roe ' 
.. 
they must 
.,, 
{62) 
{63) 
(64) 
.~. ,fl 
. 
I 
·¥,I 
Appendix g 
The Solution of the Differential Equations 
for the Stress Functions 
"\) 
The solution of Laplace's -equation in polar coordinates 
.. -
• 1S 
(65) 
Substituting the above into equations (64) gives the 
conjugate harmonic function, 
~ sinnQ [ ] If* = B + B00 + L_ - cos n0 Anrn - Bnr-n (66) 
n=l 
Substitution of (65) into (62) gives the standard biharmonic 
function, 
2(1 - y>)2cp = Ao - Bo EO + F01og r + 4 
cos8 [E1r -1 + sine + F1 r 
n -n E r + F r + n n 4(n+l) 
The function, 
.»,·-~- .. 
n=l 
2 
r 
+ 
A1 
8 
n+2 
r 
+ 
r 
-
Bo 2 
r log r 
4 
(67) 
3 + B1 r log r] 2 
Bn r-(n-2)1 
4(n-1) J 
(68) 
where p = r/J and where In and K0 are modified Bessel functions 
of order n, of the first and second kinds, respectively, 
-28-
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satisfies the equation 
1/1** -12i'lfl*. = 0 
Therefore, the function, 
'fl = if* + ii* 
satisfies equation (62), 
If* = 'f- JVJII 
Therefore, the second stress function is 
y; = a*+ B09 + Coio<r) + DoKo<p) 
:·,, 
Q) 
sinn8 +L [ Anrn - -n B r 
-
cos n8 n 
n=l 
-29-
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Appendix III 
seecialization of the Stress Functions 
for Finite and Infinite Bodies with Symmetry 
Infinite body 
The condition that the stresses must. be finite at 
,;, 
.r- = ro gives _ 
BO - 0 A - o, n ~ 1 -
n 
E - o, n~ 3 en - o, n ~ 0 n 
If the body and the loading are symmetrical about 
the x and y-axes, then we have the conditions, 
fl r = 1:'r9 = ~ r = O at 9 = o, 90°. 
both 
These conditions eliminate the odd multiples of e, reducing 
the stress functions to 
CX) 
B2n + Z cos2n8 F2nr-2n - -2(n-1) r 
4(2n-1) n=l 
CD (72) 
VI= L__ sin2n9 [ 02nK2n(p) -2n J - B r 2n 
n=l 
• 
·l 
where E0 and B*have been arbitrarily set equal to zero s1nce 
they don't affect the stresses. 
For the simple loading considered in this paper, we 
find appropriate stress functions by retaining only those 
"\ terms for which n = 1. Thu~, for the infinite material, we 
consider functions of the form: 
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' 
_ 2(1 
- 'I)/({) = Ao 2 --- [ .E2r2 ·-2 
~Jcos20 F01ogr ---+- r + + F 2 r -4 
," ..,,p\ 
(73) 
'f = [n2K2(p) - -21 B2 r sin29 
If a uniform stress, pin the x-direction, exists at 
infinity, the conditions in polar coordinates are 
6 = £(1· + cos20) T.' = - £ sin29, ur = O, at r = <D. (74) r 2 ' rQ 2 r 
These conditions 
A 
E - - 0 -2 - 4 -
• give 
- E.c1 - Y)}2 
2 (75) 
Therefore, the stress functions can be put in the form, 
B 
- cos28) + A logr + ( + C )cos28 
r2 
YJ = D + EK2 (p)] sin28 r2 ~, 
where 
Finite body 
(76) 
(77) 
The conditions of· symmetry and finite stresses at r = 0 
give the stress functions, 
2(1· - V)/2rp -~ ~ r 2 + I cos2n8 .E2nr2n + 
oo n=l 
1/1= 2- sin2n8 [A2nr2n + C2n12n(p)] 
n=l 
A2n 2(n+l) 
r 4(2n+l)" 
(78) 
Appropriate st·ress functions, obtained by retaining only 
the terms with n = 1, can be written in the form, 
cp = Ar2 + (B + Cr2 ) r 2cos20 
. [ 2 1/1 = Dr + EI2(p)] sin26 (79) 
where D = 24(1 - y)J2c (80) 
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a 
A., .••• ,E ... 
1 1 
B 
E 
g 
G 
I , K 
n n 
No.tatio.n 
= radius of insert 
= coefficients 
= bending-twisting modulus 
= Young's modulus 
= relative rigidity of insert 
= shear modulus 
'· 
= modified Bessel functions of order n, of 
the first and second kinds, respectively 
1 
= (B/G) 2 
" 
F., L, M., N,Q.= ·Constants specified by equations (30) and (31) 
1 1 1 
P, q' s 
r, e 
R, T· 
Pr' fle 
y 
err, <T9, ~9 
cp,. ' ,,~. 1 r1 
= loads at infinity 
= polar coordinates 
= radial and tangential stresse~ at r = a, 
respectively 
= the insert and surrounding material, 
respectively 
= displacement components 
= a/). , i = 1, 2 
1 
= shear strain 
= normal strains 
= curvatures of lines 9 = const. and r = const., 
respectively 
= couple-stresses 
= Poisson's ratio 
= r/ Ji , i = 1, 2 
= normal and shear stresses 
= stress functions 
.. 
= rotation 
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Fig. 2 Couple-stresses and related curvatures. 
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An elastic insert, S ~-in an infinite material, 
s2 , loaded uniformly1at infinity. 
a. Simple tension: q = s = 0 
b. Biaxial tension: s = 0 
c. Pure shear: p = q = 0 
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